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Wave-front generation of Zernike polynomial
modes with a micromachined membrane
deformable mirror

Lijun Zhu, Pang-Chen Sun, Dirk-Uwe Bartsch, William R. Freeman,
and Yeshaiahu Fainman

We investigate the characteristics of a 37-channel micromachined membrane deformable mirror for
wave-front generation. We demonstrate wave-front generation of the first 20 Zernike polynomial modes,
using an iterative algorithm to adjust driving voltages. The results show that lower-order-mode wave
fronts can be generated with good accuracy and large dynamic range, whereas the generation of higher-
order modes is limited by the number of the actuator channels and the working range of the deformable
mirror. The speed of wave-front generation can be as fast as several hundred hertz. Our results
indicate that, in addition to generation of wave fronts with known aberrations, the characteristics of the
micromachined membrane deformable mirror device can be useful in adaptive optics systems for com-
pensating the first five orders of aberration. © 1999 Optical Society of America
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1. Introduction

Zernike polynomials have been widely used in astron-
omy for decades to describe wave-front aberrations
that are due to atmospheric turbulence.1,2 Recently
they have also been actively used in vision sciences to
describe wave-front aberrations of the human eye.3,4

Zernike polynomials are a complete and orthogonal
polynomial set defined on the unit circle. Wave-
front aberrations over a circular optical aperture can
be conveniently described with Zernike polynomials;
and some classical aberrations such as spherical ab-
erration, astigmatism, coma, and the like, are related
to certain Zernike polynomial modes.5 Synthesis of

ave fronts corresponding to Zernike polynomial
odes will be useful for simulating wave-front aber-

ations that are due to atmospheric turbulence or for
imulating aberrations of the eye. The synthesized
ave fronts can be used to test the adaptive optics
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systems designed to compensate for wave-front aber-
rations. The capability of a device for generating
Zernike-mode wave fronts also indicates its capabil-
ity for compensating for the corresponding aberra-
tions. Liquid-crystal spatial light modulators have
been investigated for wave-front generation or
correction.6–8 However, they have limited modula-
tion ranges, slow time responses, and currently re-
quire operations with polarized light. Binary
computer-generated holograms based on ferroelectric
liquid-crystal spatial light modulators are also dem-
onstrated to generate wave fronts with higher speed
but with the penalty of reduced optical throughput.9
Although conventional deformable mirrors used in
adaptive astronomical imaging systems would be
suitable for wave-front generation, they are usually
big and expensive, making them impractical for low-
cost applications.

In this paper we demonstrate the use of a compact
low-cost multichannel micromachined membrane de-
formable mirror ~MMDM! to generate Zernike-mode

ave fronts. MMDM devices have recently been de-
eloped for operations at moderate speeds ~e.g., a few
undred hertz!.10 They have the potential to be

used as low-cost corrective elements in adaptive op-
tics systems for various practical applications such as
correcting aberrations of human eyes and as laser
beams. However, the characteristics of the MMDM
for wave-front generation or aberration compensa-
1 October 1999 y Vol. 38, No. 28 y APPLIED OPTICS 6019
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tion have not been well investigated, owing to the
difficulty in controlling this device. Because of the
nonlinear and coupled responses of control channels,
it is not straightforward to obtain the required driv-
ing voltages for desired mirror surface shapes. We
developed an iterative control algorithm based on
experimentally measured MMDM response charac-
teristics and were able to use a 19-channel MMDM to
compensate for some aberrations of a model eye in an
adaptive optics system.11 However, this previous al-
gorithm was developed only for aberration compen-
sation with the desired reflected wave front being a
plane wave. In this paper we show how we modify
the adaptive algorithm to generate arbitrary re-
flected wave fronts such as wave fronts of individual
Zernike modes or of any combination of Zernike
modes. We demonstrate the production of the first
20 Zernike modes with a dynamic range of several
wavelengths, using a 37-channel MMDM. A
Hartmann–Shack wave-front sensor ~HSWS! and a

ull interferometer are used to qualitatively and vi-
ually measure the generated wave fronts. The re-
ults show that lower-order modes can be generated
ith good accuracy and large dynamic range,
hereas the generation of higher-order modes is lim-

ted by the working range and the channel number of
he MMDM device. The ability to generate Zernike-
ode wave fronts is useful for characterization of the
MDM for compensating aberrations described by

ernike modes.

2. Experimental System

We use a 37-channel MMDM device ~OKO Technol-
ogies, The Netherlands! to generate Zernike-mode

ave fronts. The MMDM device consists of an
luminum-coated silicon nitride membrane with 37
lectrostatic electrodes underneath. The electro-
tatic forces between the membrane and the elec-
rodes pull down the membrane and modulate the
hape of the membrane. The device has a circular
perture of 15 mm in diameter with its boundary
ttached to the supporting substrate. The center of
he membrane can be deformed to as much as 7 mm.

e use the central 12-mm-diameter circular part of
he membrane as an active aperture of the device,
hereby allowing for modulation of the wave fronts at
he edge of the active aperture ~Fig. 1!. Since the
embrane can be deformed only in the direction to-
ard the control electrodes, an initial bias is neces-

ary. This bias is achieved by use of a divergent
ncident spherical wave front. More detailed de-
criptions of the MMDM device can be found in Refs.
0 and 11.
The experimental optical system setup with the
MDM is shown in Fig. 2. A laser beam is ex-

anded by a spatial filter and collimated by lens L0.
he expanded laser beam is projected onto the
MDM by lenses L1 and L2. Since the MMDM

urface can be deformed only into a concave shape, L2
s displaced slightly to provide a divergent spherical
ave-front bias in the MMDM plane. The MMDM

s tilted to separate the incident and the reflected
020 APPLIED OPTICS y Vol. 38, No. 28 y 1 October 1999
beams by an angle of 20 deg. Although the tilt of the
MMDM introduces some aberrations, these aberra-
tions along with initial aberrations that are due to
imperfection of the MMDM surface can be corrected
by setting of the mirror shapes. The tilt improves
the light efficiency without use of a beam splitter to
separate the incident and the reflected beams and
shows the flexibility of using the MMDM. The re-
flected wave front is next imaged onto the HSWS
measurement plane with L3, L4, and BS2. The
wave front is analyzed and fitted to the Zernike poly-
nomial wave-front description. To evaluate the syn-
thesized wave fronts visually in real time, we also
introduce an interferometric measurement. A CCD
camera is used to detect the interference between the
synthesized wave front ~image of the reflected wave
ront by the MMDM! and a reference plane wave
btained from the original collimated laser beam with
S1, a flat mirror, and the reflection through the BS2

see dotted path in Fig. 2!. The optical paths of the

Fig. 1. Electrode layout of the 37-channel MMDM.

Fig. 2. Experimental adaptive optical system used to generate
wave fronts of Zernike polynomial modes with the MMDM.



F
p
f
s
w
m

Z

p

.

s
r
H
t
i
f

2

s
a

d
w
m

synthesized wave front and the reference wave front
have approximately the same length, providing good
contrast of interference pattern. The flat mirror is
carefully adjusted to obtain the null interferogram.
The reference beam is blocked when HSWS wave-
front measurements are performed. The HSWS
consists of a lenslet array and a CCD camera located
in the focal plane of the lenslet. The wave front is
reconstructed from the measured slopes of the wave
front at subapertures of the lenslet array detected
from the HSWS image.11 The measured wave front
is then fed into our control algorithm described below
to drive the MMDM actuators in a closed-loop config-
uration. This procedure is performed iteratively un-
til the desired wave front is synthesized. A Pentium
II personal computer running our software in Matlab
and C11 is used to implement the algorithm in the
closed-loop iterative system.

3. Algorithm for Producing Zernike-Mode Wave Fronts

In the past we developed an adaptive control algo-
rithm to achieve optimum MMDM surface shapes to
compensate for aberrations of a model eye producing
a plane wave reflected from the MMDM device. The
principle of our adaptive algorithm is based on the
measurement of the wave-front error between the
desired wave front wd~x, y! and the actual wave front
w~x, y! that is reflected from the MMDM and mea-
sured with the HSWS. The algorithm calculates a
small adjustment of driving voltages that will reduce
the wave-front error and make the wave front w~x, y!
gradually converge to the desired wave front wd~x, y!.

or our previous application for eye aberration com-
ensation we used a plane wave as the desired wave
ront wd~x, y!. In contrast in this manuscript we
how that the wave front wd~x, y! can be any arbitrary
ave fronts such as the wave fronts of single Zernike
odes or of any combination of Zernike modes.
The wave front w~x, y! is expressed in terms of

ernike polynomial decomposition, described by

f~x, y! 5 (
k51

M

akzk~x, y! 1 df~x, y! (1)

where w~x, y! is defined as the actual wave fronts as a
function of spatial coordinates x and y within the
beam aperture; M is the total number of Zernike

olynomials used, zk~x, y! is the kth Zernike polyno-
mial with ak being its coefficient, and dw~x, y! is the
error due to the truncation of using only M Zernike
polynomials. A set of Zernike coefficients $a1, a2,
. . , aM% or a vector a 5 @a1, a2, . . . , aM#T, can be used

to describe the wave front w~x, y!, where superscript T
tands for matrix transpose. The wave front w~x, y!
eflected from the MMDM is measured with the
SWS ~see Fig. 2!. A modal wave-front reconstruc-

ion algorithm with the basis of Zernike polynomials
s used to calculate Zernike coefficients of the wave
ront w~x, y!.11

The error between w~x, y! and wd~x, y! can be de-
scribed with the wave-front variance s over the en-
tire aperture of the beam,

s2 5
1
A **

aperture

@f~x, y!2fd~x, y!#2dxdy, (2)

where A is the area of the beam aperture. This error
can be calculated with Zernike coefficients by

s2 5 (
k51

M

~ak 2 adk!
2wk

2 1 ds2

5 i~a 2 ad! p wi2 1 ds2, (3)

with wk
2 defined by

wk
2 5

1
A **

aperture

@zk~x, y!#2dxdy, (4)

where ad 5 @ad1, ad2, . . . , adM#T represents the de-
sired wave front; w 5 @w1, w2, . . . , wM# is a vector
determined from Zernike polynomials with Eq. ~4!,
and the p operator denotes the element-by-element
multiplication of two vectors. Note that the beam
aperture is normalized with the beam radius to the
unit circle to keep the orthogonality of Zernike poly-
nomials so that the integration of the cross terms of
Zernike polynomials over the unit circle is zero.

In our system shown in Fig. 2 the wave front re-
flected from the MMDM, represented by vector a, is
measured with the HSWS. Following a deduction
similar to that described in Ref. 11, we obtain a re-
cursive equation to iteratively adjust driving voltages
to reduce s2 to its minimum, yielding

cnew 5 cold 2 2mBT@~a 2 ad! p w2#, (5)

where vector c 5 @V1
2, V2

2, . . . , VP
2#T represents

driving voltages Vl ~l 5 1, 2, `, P! applied to the
electrodes of the MMDM with total number of elec-
trodes ~channels! as P; B is an M 3 P matrix repre-
enting the response characteristics of the MMDM
nd can be measured experimentally11; m is a positive

scalar representing the convergence rate, and its
value is determined empirically; and w2 5 @w1

2, w2
2,

. . . , wM
2# is calculated with Eq. ~4!. In practice w2

can be regarded as weighting factors of Zernike coef-
ficients to optimize the convergence rate of each co-
efficient. By iteratively adjusting the vector c of the

riving voltages with Eq. ~5!, the wave front w~x, y!
ill converge to the desired wave front wd~x, y! with a
inimum value of s2. To generate the wave front of

a single Zernike mode with the desired quantity, we
set the corresponding element of ad to the desired
value while setting all other elements to zero. When
we start with an arbitrary set of initial driving volt-
ages and iteratively update the driving voltages with
Eq. ~5!, the output wave front will be altered toward
the desired Zernike mode.
1 October 1999 y Vol. 38, No. 28 y APPLIED OPTICS 6021
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Table 1. Zernike Polynomials and Their Meaninga,b
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4. Production of Zernike-Mode Wave Fronts

Employing the above adaptive optics algorithm, we
generate wave fronts of the first 20 Zernike polyno-
mial modes ~M 5 20!, which cover the first five orders
of Zernike polynomials. The definition of Zernike
polynomials in Ref. 5 is used with their analytical
forms in the polar coordinate system listed in Table 1,
where the order number and the normalization factor
are also included. The normalization factors Nk sat-
isfy the equation

wk
2 5 1yNk, (6)

and the wave-front variance between the generated
wave front w~x, y! and the desired wd~x, y! can be
alculated by use of their Zernike coefficients by

s2 5 F(
k51

M
~ak 2 adk!

2

Nk
G 1 ds2, (7)

where ds2 is the error owing to the truncation to the
finite number of Zernike polynomials. The error ds2

is ignored in our calculation as discussed later in this
section. Some of the Zernike modes are related to
classical aberrations ~see Table 1!; for example, the
4th mode is the defocus, the 3rd and the 5th terms are
related to astigmatism, the 7th and the 8th terms are
related to coma, and the 12th term describes spher-
ical aberration. Within the same order, sine and
cosine modes have symmetric analytical forms.
They have the same wave-front shapes but with a
rotational angle with respect to each other. For ex-

Mode
k

Order
n

Norm. Factor
Nk

0 0 1

1 1 4
2 4

3 2 6
4 3
5 6

6 3 8
7 8
8 8
9 8

10 4 10
11 10
12 5
13 10
14 10

15 5 12
16 12
17 12
18 12
19 12
20 12

au is defined as the angle with y axis.
bRef. 5.
022 APPLIED OPTICS y Vol. 38, No. 28 y 1 October 1999
ample, modes 1 and 2 are tilts along x and y direc-
tions, respectively; modes 3 and 5 are astigmatisms
about the u 5 45°axis and the u 5 0° axis, respec-
tively.

In our experiments the beam aperture and the
wave front are normalized with the beam radius of
r 5 3 mm measured in the plane of the HSWS. We
obtain elements of matrix B experimentally by mea-
suring MMDM responses to all electrodes as de-
scribed in Ref. 11. In the closed-loop system shown
in Fig. 2, driving voltages are updated with Eq. ~5! in
each step. If the calculated voltages are out of the
permitted voltage range, the voltages are set to the
extreme voltages ~0 or 200 V!. The vector w2 is sim-
ply set to a unit vector, whereas m is determined
experimentally with a compromise of the convergence
speed and residual errors. After convergence we do
not observe significant oscillations.

To produce the wave front of each Zernike mode,
we set the desired value of the corresponding element
of ad to various values from 24 3 1024 to 4 3 1024

with a step increment of 1 3 1024 and all other ele-
ments of ad to zeros. Each wave front is produced
with 20 iterations. Figures 3~a! and 3~b! show re-
ults of Zernike coefficients of the generated wave
ronts of first 20 modes obtained by setting of the
orresponding coefficients to 3 3 1024 and 23 3 1024,

respectively. In Table 2 we summarize the gener-
ated wave fronts shown in Fig. 3~a! by listing the
corresponding values of the Zernike coefficients for
the generated wave fronts. Root-mean-square ~rms!
ariances of these wave fronts compared with the

Polynomial
zk~r, u! Meaning

1 Piston

r sin u Tilt in x direction
r cos u Tilt in y direction

r2 sin 2u Astigmatism ~645°!
2r2 21 Defocusing

r2 cos 2u Astigmatism ~0° and 90°!

r3 sin 3u Triangular astigmatism
~3r3 2 2r!sin u Coma
~3r3 2 2r!cos u Coma

r3 cos 3u Triangular astigmatism

r4 sin 4u Spherical aberration
~4r4 2 3r2!sin 2u

6r4 2 6r2 1 1
~4r4 2 3r2!cos 2u

r4 cos 4u

r5 sin 5u
~5r5 2 4r3!sin 3u
r5 2 12r3 1 3r!sin u
r5 2 12r3 1 3r!cos u
~5r5 24r3!cos 3u

r5 cos 5u
~10
~10



Fig. 3. Measured Zernike coefficients of wave fronts of the first 20 Zernike modes generated in the experimental system with target
coefficients of ~a! 3 3 1024 and ~b! 23 3 1024.
1 October 1999 y Vol. 38, No. 28 y APPLIED OPTICS 6023
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Table 2. Values of the Corresponding Zernike Coefficients of Generated Wave-Front Modes and their rms Wave-Front Variances from the Ideal

6

ideal wave fronts of individual Zernike modes with
the same coefficients are also calculated and listed in
Table 2, where the truncation error is ignored when
we calculate the wave-front variance with Eq. ~7!.

s shown in Fig. 3~a! and in Table 2, for each gener-
ted wave front within the 3rd-order ~modes 1–9!, the
oefficients are close to the target value of 3 3 1024

and all other coefficients are close to zero. However,

Fig. 4. Target wave fronts with coefficient of 4 3 1024 ~column
enerated wave fronts interfered with a reference plane wave ~colu

the z axis is the number of wavelengths.

Wave Fronts with the Sam

1 2 3 4

ak ~31024! 2.96 2.82 2.64 2.96
rms variance ~l! 0.08 0.08 0.10 0.04

11 12 13 14

ak~31024! 1.53 1.10 2.14 2.47
rms variance ~l! 0.14 0.10 0.08 0.06
024 APPLIED OPTICS y Vol. 38, No. 28 y 1 October 1999
high-order modes ~modes 10–20! can be generated
ith somewhat limited maximum values of the cor-

esponding coefficients, indicating that the MMDM is
imited in generating a large dynamic range for high-
rder modes, owing to limited number of control
hannels. Nevertheless, the generated modes pro-
ide sufficient accuracy for many applications with
ms variance from the corresponding ideal modes of

enerated wave fronts ~column 2!, and null interferograms of the
!. In wave-front plots of the first and second columns, the unit of

rnike Coefficient Values

Mode Index k

5 6 7 8 9 10

2.87 2.60 2.47 2.31 2.67 2.30
0.05 0.10 0.11 0.15 0.09 0.11

Mode Index k

15 16 17 18 19 20

1.97 1.41 1.28 1.23 1.45 1.74
0.09 0.13 0.14 0.13 0.11 0.10
1!, g
mn3
e Ze
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less than 0.15l ~wavelength l 5 0.685 mm is used in
our experiments!. Some modes are very accurately
generated with the rms variance of less than 0.1l.
The generated desired modes are also accompanied
by other undesired modes. For example, mode 17 is
significant along with desired mode 7, and mode 18
appears in addition to desired mode 8 ~see Fig. 3!.
The coupling between these modes occurs, because
they have similar shapes ~see sample wave-front
shapes in Fig. 4 for k 5 8 and k 5 18! that are difficult
o synthesize distinctly with a limited number of con-
rol channels. The results indicate that, with 37 ac-
uator channels, the MMDM can be used to
ompensate for low-order ~up to 3rd order! and for a
ertain amount of the high-order aberrations. Com-
aring Figs. 3~a! and 3~b!, we find the asymmetry of
he MMDM for wave-front generation of Zernike
odes with positive and negative coefficients. The
MDM operates better in one direction than in the

ther, as is clearly seen from mode 12, which can be
enerated with larger amounts and better accuracy
or negative target coefficients than for positive tar-
et coefficients. This asymmetry occurs because the
embrane can be deformed only in one direction. It

s also related to the applied incident spherical wave-
ront bias. By choosing a proper bias, we can easily
liminate the asymmetry of the defocus term, but the
symmetry of the high-order modes is difficult to
liminate simultaneously.
For real-time visualization of the generated

ernike-mode wave fronts we use an interferometric
etup shown in Fig. 2. We use a null interferogram
f the generated wave front interfered with a well-
ligned and well-tested plane wave. Figure 4 shows
he target wave fronts with a corresponding coeffi-
ient of 4 3 1024 ~first column!, actual generated

wave fronts under this target ~second column!, and
he corresponding interferograms ~third column! for

the first five orders of Zernike polynomials. A coef-
ficient of 4 3 1024 of a Zernike-mode wave front
orresponds a peak-to-valley value of 3.5l within the
eam aperture in our system with the normalization
y the beam radius r 5 3 mm and wavelength l 5
.685 mm. Figure 4 shows only cosine modes in Ta-
le 1 of each order, because sine modes are similar to
he corresponding cosine modes only with a differ-
nce of rotation angle. From Fig. 4 we can see again
hat generated wave fronts are close to the target
ave fronts for lower modes with peak-to-valley val-
es of ;3.5l. For high-order modes the amplitude
f generated wave fronts is smaller with peak-to-
alley values of ;2l.
In our experiment 20 Zernike polynomials are used

to describe the wave fronts. The accuracy of the
measured wave fronts is affected by the truncation of
Zernike polynomials as described in Eq. ~1!. There-
fore the calculated rms variances listed in Table 2
will be slightly smaller than actual rms variances.
However, as shown in our results, since the capability
of the MMDM for generating wave fronts of high-
order Zernike polynomials is limited by the structure
of the MMDM, the high-order components existing in
the generated wave fronts will be relatively small.
Therefore the truncation error is ignored in our cal-
culation. Using additional Zernike polynomials can
reduce the truncation error, but the accuracy im-
provement will be limited. In our system the mea-
surement accuracy of the generated wave fronts is
also verified by the null interferometer shown in Fig.
2. The obtained interferograms in Fig. 4 show a
good accuracy of the generated wave fronts.

5. Conclusions

We have generated wave fronts of 20 Zernike modes,
using a 37-channel MMDM with an iterative algo-
rithm to adjust the driving voltages step by step to
generate desired wave fronts. The results show that
lower-order wave-front modes can be generated with
high accuracy and large dynamic range and that
high-order wave-front modes can be generated with
smaller dynamic range. The number of control ac-
tuators and the working range of the membrane limit
the capability of the MMDM to generate high-order
wave-front modes. We have also measured the time
response of the MMDM, showing that the speed can
be as great as several hundred hertz.12 Although we
use 20 iterations to generate each Zernike wave-front
mode, the voltages for each wave front can be stored
in a lookup table so that the MMDM can be operated
with its full speed for dynamic production of the wave
fronts in the lookup table. Our results indicate that
the MMDM can be used to generate wave fronts of the
first five orders of Zernike polynomials with good ac-
curacy and at sufficient speeds for most applications.
In addition to generation of wave fronts with known
aberrations for testing the adaptive optics systems,
the characteristics of the MMDM show that this de-
vice can be useful for compensating aberrations up to
the 5th order. Promising applications include adap-
tive optics systems for aberration compensation of
the human eye and phase aberration compensation
for high-quality laser beams, as well as systems that
use high-quality dynamic focusing with aberration
compensation.

This research was supported in part by a grant
from the Whitaker Foundation and the National Sci-
ence Foundation.
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